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Abstract 


In this paper we address an open qnestion formnlated in HZ]. That is, we extend the 
Ito-Tanaka trick, which links the time-average of a deterministic fnnetion / depending 
on a stochastic process X and F the solntion of the Fokker-Planck equation associated 
to X, to random mappings /. To this end we provide new resnlts on a class of adpated 
and non-adapted Fokker-Planck SPDEs and BSPDEs. 
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1 Introduction 

In [TZ], the authors analyzed the effects of a multiplicative stochastic perturbation on 
the well-posedness of a linear transport equation. One of the key tool in their analysis 
is the so-called ltd- Tanaka trick which links the time-average of a function / depending 
on a stochastic process and F the solution of the Fokker-Planck equation associated to 
the stochastic process. More precisely, the formula reads as 



( 1 . 1 ) 


where {Xf)t>o is a solution of the stochastic differential equation 



( 1 . 2 ) 


and F is the solution of the backward Fokker-Planck equation 



(1.3) 
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In 123], by means of snitable regnlarity results for solutions of parabolic equations 
in L'^—LP spaces, the authors showed, assuming f,b ^ E := L'?([0, T]; LP(M'^)) with 
2/q + d/p < 1, that F € L'^([0, T]; Hence, in the weak sense, F has 2 

additional degrees of regularity compared to / in E. Thus, formula uni tells us 
that the time-average of / with respect to the stochastic process {X/)t>o is more 
regular than / itself (it has 1 additional degree of regularity). This is what we call a 
stochastic regularization effect or regularization by noise. In this paper, we investigate 
the following open question stated in HZ]: 

"The generalization to nonlinear transport equations, where b depends on u itself, would 
be a major next step for applications to fluid dynamics but it turns out to be a difficult 
problem. Specifically there are already some difficulties in dealing with a vector field b 
whieh depends itself on the random perturbation W. There is no obvious extension of 
the Ito-Tanaka triek to integrals of the form f{oJ, s, Xf(u}))ds with random f. " 

A major "pathology" in this problem is that there are simple examples of random 
functions / for which the Ito-Tanaka trick does not work anymore. As an example, 
consider a random function / of the form 

fiu},s,x) := f{x - Ws{uj)), 


where {Wt)t>o is the Brownian motion from (11.21) . This gives, for 6 = 0 in (11.21) . 


/ 


f{uj,t,Wt + x)dt= / f{t,x)dt, 


which does not bring any additional regularity. 

It turns out that, when / is a random function, the solution F to (11.31) is not adapted 
anymore to filtration of the Brownian motion, making the stochastic 

integral on the right-hand side of (11.11) ill-posed. 

In this paper we tackle this difficulty by considering another equation which is the 
adapted version of the Fokker-Planck equation (11.31) . More precisely, we show in Theo¬ 
rem |3T]that given a random function / which depends in an adapted way on a standard 
Brownian motion {Wt)t>o-, the following formula holds 

r fit, Xf)dt = -F(0, x)- r iVFis, Xf) + Zis, Xf)) dWs- VZ(s, Xf)ds, F-a.s. 
Jo Jo Jo 

(1.4) 

where (F, Z) is the predictable solution of the following backward stochastic partial 
differential equation (BSPDE) 

Fit,x) = -j^ Qa-F 6(s,lT(s),x) • F(s,x)ds - ^ f{s,x)ds-J^ Z{s,x)dWs, 
and iXf)t>o is a weak solution of the stochastic differential equation 


Xf = x+ f bis, W(,pXf)ds + Wt. 

Jo 

We name (|1.4I) the Itd-Wentzell-Tanaka trick as the derivation of II.41 call for the use of 
the Ito-Wentzell formula in place of the classical ltd formula which allows one to give a 
semimartingale type decomposition of Fit,Xf) when T(t,x) is itself a semimartingale 
random field. Note that we also allow b to depend on the Brownian motion W. This 
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contrasts with the classical Ito-Tanaka trick where both / and b mnst be deterministic 
mappings. The derivation of this formnla calls for a stndy of the Fokker-Planck BSPDE. 
In this direction, incidentally we prove new results as Theorem 13.11 on this equation 
in particular by allowing only L^ — L^ regularity on its coefficients together with a 
representation of its solution in terms of the solution to the non-adapted SPDE and 
of its Malliavin derivative by providing a methodology which generalizes: the well- 
known linearization technique used for linear BSDEs and deterministic semigroups (see 
na Proposition 2.2]), and a Feynman-Kac formula for BSPDEs related to Forward- 
Backward SDEs as in |251 Corollary 6.2]. We also prove that the solution processes 
{Y, Z) to the equation are Malliavin differentiable. The study of the BSPDE relies on 
the one of the non-adapted Fokker-Planck equation in Section 13.21 

There are well-known results concerning the regularization effects of stochastic process 
on deterministic functions (see the survey of Flandoli m) but, to our knowledge, there 
exists no similar results in the case of random functions. The phenomenon is widely used 
in the recovery of the strong uniqueness of solutions of stochastic differential equations 
(SDE) with singular drifts [ini 120 I2S1 IMl EU IM]- It has been generalized to SDE in 
infinite dimension EllillEI] and the conditions for the existence of a stochastic ffow 
has also drawn attention miisiiM]. Another direction of interest is the improvement 
of the well-posedness of stochastic partial differential equations (SPDE). In particular, 
the stochastically perturbed linear transport equation has received a lot of interest 
[aiiiiiiiiz]. More recent works provide extensions to nonlinear SPDE, see for instance 
[SKIHllIS] for models from fluid mechanics and El Em] for dispersive equations. Let 
us also mention that the type of processes that yield a regularization effect is not 
restricted to semi-martingales. For instance, in |30[ l33] where a-stable processes have 
been considered and, in j^, where the authors showed a regularization phenomenon 
using rough paths (in particular for the fractional Brownian motion). 

The paper is organized as follows. In Section [2] we make precise the definitions and the 
notations that will be used later on. This includes some material on Malliavin calculus 
especially for random fields. Then, in Section [3] we introduce the transport SDE under 
interest and we study the adapted and the non-adapted Fokker-Planck equations. The 
Ito-Tanaka-Wentzell trick, together with an example, is presented in Section |4] 


2 Notations and preliminaries 

2.1 Main notations 

Throughout this paper T will be a fixed positive real number and d denotes a fixed 
positive integer. For any x in we denote by ]x| the Euclidian norm of x. Let 
(E, II • ll^:) be a Banach space, we set B{E) the Borelian it- field on E. For given Banach 
spaces E, E and any p > 0,we set U’{E] F) the set of .B(Fl)\;B(T)-measurable mappings 
f : E ^ F such that 

\\f\\LPiE-,F) ■= j Wfi^Wpl^idx) < +00, 

where /r is a non-negative measure on {E,B{E)) (the Borelian a-field on E). Naturally 
the norm depends on the choice of p that will be made explicit in the context. If 
F = M"’, n G N, then we simply set L^{E) := L'P{E]'ME). We also denote by C^{E) 
(resp. C^{E)) the set of continuous (resp. bounded continuous) real-valued mappings 
/ on E. 
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For any p > 1 we set p the Holder conjugate of p. 

For any mapping —>■ M we denote by ^ the i-th partial derivative oi ip {i = 

1, • • • , re), by V(/7 := • • •, the gradient of (p (when it is well-defined), and by 

Aip its Laplacian. For a multi index k := (/ci, • • • , kd) in N'^, we set := ^ ^ 
and \k\ := h. 

For p,m ^ M"*", we set 


W^’P{R^) = {(/?€ LP{R^);T-^ (^([1 + e LP{R^ 

the usual Sobolev spaces equipped with its natural norm 

(([i + iepr/2^ 




LP 


where p{^) = J-{pi){^) and J- (resp. denotes the Fourier transform (resp. the 

inverse Fourier transform). Let re. A: € N and a G (0,1). We denote by C^’^(E), the 
set of bounded functions having bounded derivatives up to order k and with a-Holder 
continuous kth partial derivatives. It is equipped with the norm 




Ck(E) + sup sup 

^ \i\=kxjty 


|VV(x)-VV(z/)| 

\x - y|“ 


where ||<y7||c*(E) := X]|£|<fc sup^-gg |V^/(x)|. Finally C“(M”'), (re € N*) stands for the 
set of infinitely continuously differentiable function with compact support. 


Throughout this paper C will denote a non-negative constant which may differ from 
line to line. 

Unless stated otherwise, we always assume that the real numbers p,q ^ (2, oo) verify 


2.2 Malliavin-Sobolev spaces 

In this section we recall the classical definitions of Malliavin-Sobolev spaces presented 
in |2H] and extended them to functional valued random variables that from now on we 
will refer as random fields. We start with some facts about Malliavin’s calculus for 
random variables. 


2.2.1 Malliavin calculus for random variables 

Let (0, P) be a probability space and W := (Wt)t^[o^T] ^ Brownian motion on this 
space (to the price of heavier notations all the definitions and properties in this section 
and of the next one extend to a d-dimensional Brownian motion). We assume that 
E = a(Wt, tG [0,r]). 

Let be the set of cylindrical functionals, that is the set of random variable f3 of the 
form: 

^ = p{Wt,r-- ,WtJ 

with N*, (p : R"' ^ R in Cq°(R”) and 0 < ti < ■ ■ ■ < tn < T. For an element /3 in 
we set DF the L^([0, r])-valued random variable as: 

:= E • • • ’ mjl[o,q](0), 0 G [0,r]. 

i=l * 
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For a positive integer p > 1, we set the closure of with respect to the norm: 


11^,„ :=E[|/3n+E 


r \Del3{‘ 

Jo 


de 


p/2- 


To D is associated a dual operator denoted 5 defined through the following integration 
by parts formula: 


E[/3(5(m)] = E 


-Di/3 utdt 


( 2 . 1 ) 


for any /3 in B^’^ and any L^([0, T])-valued random variable u such that there exists a 
positive constant C such that E Dt'yutdt < C'|| 7 ||jji, 2 , Vy G B^’^. In particular if 

u := (rti)te[o,T] is a predictable process then 5{u) = UtdWt- In addition, according 
to |281 Proposition 1.3.4], for any /3 in <S and any h in L^([0, Tj) (with p > 2), 5{h(3) is 
well-defined and satisfies 


5m = 


/36{h) - f 
Jo 


htDtfJdt. 


( 2 . 2 ) 


2.2.2 Malliavin calculus for random fields 

We now extend these definitions to random fields that is to measurable mappings F : 
D X M. More precisely, we consider S be the set of cylindrical fields, that is the 

set of random fields F of the form: 


with ip : M"" X ^ M in C^(M"'+‘^). We fix p an integer with p > 2. For an element 
F in S, we set DF the L^’([0, r])-valued random field as: 

a 

E ^(^*1 ’ • • • ’ mx)l[0,u] {9), e€ [0, Tj. 

i=l * 


Note that for F in S, DV^F = V^DF for any multi index k. In addition, an integration 
by parts formula for the operators DV^ can be derived as follows. 

Lemma 2.1. Let F in S, h in LP([0,T]) and G in S. Let k be a multi-index in 
then the following integration by parts formula holds true: 


E 



DtV^ F{x)htG{x)dxdt 


= E 


F{x) d{m)*G{x)h)dx , 


(2.3) 


where (V^)* denotes the dual operator ofV^. 

Proof. By the Malliavin-integration by parts formula (see e.g. |28[ Lemma 1.2.1]) and 
by the classical integration by parts formula in we have that: 


E 


[ [ DmF{x)htG{x)dxdt 

Jo 


= / E 
jR<i 

= / E 


DmF{x)htG{x)dt 


dx 


V^F{x)6{G{x)h) dx, by f]2.ip 
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= / E 

ii 

= E 

= E 

= E 


\/^F{x)Gix)5{h) 


dx — E 




'■F{x) [ DtG{x)htdt 

Jo 


dx, by 


F{x){V’^)*G{x)dx6{h) 


-E 

T 


F{x){V^)* I DtG{x)htdtdx 


Dt{V^)*G{x)htdtj dx 

[ F{x) 5{{V^YG{x)h)d2 

Jmd 


, by O. 


□ 


This integration by parts formula allows us to prove that the operators are 

closable. 

Lemma 2.2. Letp > 2 and k he in The operators (and so \7^D) are closable 
from S to LP{n x LP([ 0 , T])). 

Proof. Let (T„) C 5 a sequence of random fields which converges in LP{Q x 
to 0 and such that {DV^Fn)n converges in x L^([0, T])) to some element 77 

in LP{Pt X M'^;LP([0,T])). Let h in LP{[0,T]) and G : ^ M in <S. We recall that 

p := For any n > 1, it holds that 


E 

= E 

= E 


i]{t, x)htdtG{x)dx 

fT 

/ {r]{t,x) — DtV^ F'^{x))htdtG{x)dx 

Jo 


{v{t,x) - DMF^{x))htdtG{x)dx 


Jo 


+ E 
+ E 


DtV^F^{x)htdtG{x)dx 


/R'* Jo 


F"(x) 5{{VY*G{x)h)dx 


where we have used the integration by parts formula (|2.3p . We estimate the two terms 
above separately. For the first one, using successive Holder’s Inequality, we have that 


E 


< E 


[ {r]{t, x) - DtV^F^{x))htdtG{x)dx 

Jo 

\ri{t,x) — DtV^F'^{x)\Pdtdx 


/R'* Jo 

0 . 


T 1 _ 


LP{[0,T]) 


n ^+00 

The second term can be estimated as follows (using also Holder’s inequality and (|2.2p l. 


E 

E 

< CE 

/ 

X E 

V 


F^{x) d{{VY*G{x)h)dx 


F^{x){vY*G{x)5{h)dx 


\F^{x)\Pdx 




I i/p 


-E 

>pl l/( 2 p) 


[ F^{x) [ Dt{vY*G{x)htdtdx 
JR'i Jo 


E[6{hfPy^^^^>V\\h\\L^[0,T]) 


l/( 2 p) 


+ E 


7k\*/ 


p 

\ ^ 

i/p\ 

1 dx 

/ 
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—^ 0 . 

n—>-+00 

Combining the previous estimates and relations we conclude that 

(■ pT 


E 


Jo 


r]{t, x)htdtG{x)dx 


= 0 . 


The conclusion follows from the fact that the set of elements of the form Gh with h in 
LP([0, T]) and G in 5 is dense in U>{Q. x M"*; LP([0, T])). □ 

Remark 2.1. Lemma \2.1\ and Lemma 12.21 still holds if we replace the differential op¬ 
erator with the Bessel potential (1 — for any m G M+. 

For a positive integer m, we set the closure of 5 with respect to the norm: 

r-T 


:= 11^"" 


+ 


'0 


dO, 


(2.4) 


where we denote 


IFF 


In addition, for F in we have since p > 2: 

jRd “ J]^d 


\k\<m ' 


with equality if p = 2. 


Remark 2.2. In particular, if a random field F belongs to then for a.e. {t,x), 

uj I—7> \/^F{t,x){u) belongs to the classical Malliavin space B^’^ whose definition has 
been recalled in Section \2.2.1\ (for any k such that \k\ < m) for random variables that 
depend only on oj and not on {t,x). 

We conclude this section on the Malliavin derivative by introducing the space : = 

L'?([0, T]; B^’"*’P) (with p,q > 2) which consists of mappings F : [0, T] x X ^ M 
such that 


|F| 




/o 


■)\\oi,m,pdt < + 00 . 


Furthermore, we extend the definition W^’^-norm accordingly 

rT 






Jo 


,dt. 


3 Fokker-Planck SPDEs and BSPDEs 


In this section, we study the transport SDE of interest together with two related Fokker- 
Planck equations. The first one which will be considered in Section 13.21 and will be 
referred as the non-adapted (or SPDE) Fokker-Planck equation. The second one will 
be called the adapted (or BSPDE) Fokker-Planck equation associated to the SDE, and 
will be introduced and studied in Section 13.31 This equation will be fundamental to 
derive in Section |4]the stochastic counterpart of the ltd-Tanaka trick (that we will name 
then Ito-Tanaka-Wentzell trick). 


7 










3.1 A SDE with random drift 


In analogy to HZIISIES], we consider the following SDE: 

Xt = Xo+ f b{s,W(^,),Xs)ds + Wt, t€[0,T], (3.1) 

Jo 

where b is assnmed to be a B{[0,T] x C([0, T]) x ]R'^)-nieasnrable map, Xq is in and 
VE is a d-dimensional Brownian motion. To begin with, let us recall the definition of a 
weak solution to Equation (|3.1I) . 


Definition 3.1. A weak solution is a triple {X,W), (D,J^, F), (d^t) 4 g[o,T] where 

• (D, J-, P) is a probability space equipped with some filtration (d^t)tg[o,r] Idat satisfies 
the usual conditions, 

• X is a continuous, {iFt)t£[o,T]- 0 'dO'Pted W^-valued process, W is a d-dimensional 
(T))tg[o,T]'process on the probability space, 

• P(X(0) =Xo) = l andF{J^\b{s,W(^s),Xs)\ds < +oo) = 1, Vt G [0,r], 

• Equation (EJP holds for all t in [0, T] with probability one. 

Assumption 3.1. There exists a weak solution {X,W), (D,J-', P), (d^t) 4 g[o,T] to the 
SDE tO) . 

By defintion, IT is a (J-))jg[o,r]'Brownian motion. So we denote by its 

natural completed right-continuous filtration which satisfies C Et for any t G [0, T]. 
In the following, the spaces or Bg™’^ are understood to be defined with respect 

to (D,T']f,P). 

We now give a simple proof of existence and uniqueness of a weak solution to f|3.1l) 
under some non-optimal assumptions. 

Proposition 3.1. Let b G L'?([0, T]; LP(M'^)). Then there exists a unique weak 

solution to the SDE 

Xt = Xo+ [ b{s,Ws,Xs)ds + Wt, tG[0,r]. (3.2) 

Jo 

Proof. The proof is based on the Girsanov’s theorem. Let us first remark that L{t, x) : = 
suPj/glRd \Xyb{t,y,x)\ andb{t,x) := sup^^g^d \b{t,y,x)\ belong in L'^([0, T]; LP(M'^)). Thus, 
since 2/q + d/p < 1, by |241 Lemma 3.2] we have, Vk G and k = 1,2, 


E 


e'^/o^ L{s,Ws)'^ds 


-kE 


^Kjfib{s,Wsfids 


< + 00 , 


(3.3) 


where IT is a standard Brownian motion. 

Let {Xt)t>o 3- standard Brownian motion on a probability space (D,J-', P) equipped 
with the filtration (Tt)jgjg We consider the following SDE 

Yt = Yo- f b{s,Yt,Xt)ds + Xt, tG[0,T]. (3.4) 

Jo 

In this step, we prove that there exists a unique solution to (13.41) . Since b is Lipschitz, 
the uniqueness is obtain by a Gronwall lemma. Moreover, by using classical a priori 
estimates for Lipschitz SDE, we obtain 


E 


sup jWp 
te[o,r] 


< C iTol +r + E 


r {\b{s,d,Xs)\^+ L{s,Wsf) ds 

Jo 
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which yields the existence of a strong solution. 
By (13.31) . we have, Vk G M'*', 


E 


qI^Io \b{s,Ys,Xs)\'^ds 


< E 


^Kf^b(s,Xs)^ds 


< + 00 . 


We deduce that 

._ g/o b(s,’Ks,W)rfs -5 Jo |6(s,’i^s,W)prfs^ 

is a martingale under E by Novikov’s criterion. Hence, by Girsanov’s theorem, the 
process H is a Brownian motion under the measure Q given by ^ = p(T). Thus, by 
rewriting Y as W, the triple (X, W), (H, X, Q), {J~t)telo,T] is a weak solution to the SDE 

(I321). 

□ 


We will need below several technical results that we present now. In the following, we 
denote by {Pt,s)s>t>Q the heat semigroup. 

Lemma 3.1. Let 1 < q,p < +oo. Then, there exists a constant C such that, V/ G 




i: 


Pt,sf{s,x)ds 




<C||/|Li,o,., 


(3.5) 


and, another constant Ct > 0 such that, Ve > 0 and \/<f> G 2 /(}+e,p^ 


-Pt,r0||]O,J>2,P < C'T||(/>||]D,l,2-2/9+e,p. 


(3.6) 


Proof. Second estimate: The second estimate is a direct consequence of the a similar 
estimate in deterministic spaces. It is based on the following lemma |21[ Theorem 7.2]. 

Lemma 3.2. Let v G L'^{W^), a G [0,1], and t > 0. There exists a constant C > 0 
such that 


(j 

||e *.Po,t^^|liy 2 a,p(Rd) < — ||?;|| 2 ,p(Rd) and ||(Po,t — l)'f^llLP(Kd) < C't^“||^^|lw 2 “d 

(3,7) 

By setting a = 1/q — e/2 and v = {1 — A)”*/^((), with m = 2 — 2/q + e, in Lemma 
13.21 we obtain 

rpT-t 

II / II 

,2 — 2 / q+e pi 


\Pi 


t,T<P||Bi.2,p < 


(T-t)V <?-£/2 


thus, this yields the desired estimate 


ll-ft.T'/'llpM.P < C 




1/9 




,2—2/(j+e 




(3.8) 


First estimate: For the first estimate, the arguments of the proof are similar to 
those of |22[ Theorem 1.1]. First, let us remark that in the case p = q, Estimate (13.51) 
can be deduce directly by using the classical inequality 



^ C']|5||^p(fo,r]xR‘^)) W € L^{[0,T] X M'^). 

LP([ 0 ,T],iy 2 .P) 
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Therefore, it remains to prove estimate (13.51) for q ^ p- To do this, we apply the 
Calderon-Zygmund Theorem in Banach spaces (see |22[ Theorem 1.4] for a precise 
statement). More precisely, we define the operator 

Af{t,x) := / Pt^sf{s,x)lt<s<Tds, 

Jr 


which is a bounded operator from LP(M, to LP(M,D^’^’P) since Estimate (13.51) is 

valid for q = p- Therefore, to apply the Calderon-Zygmund Theorem, we only need to 

prove the following estimate, Vt ^ s, 

\\9lPt,sf\\o^,2,p < ■^^-yy^||/||iD)i,2.p, (3.9) 

for ^ = 0,1, which can be deduced from the classical inequality 

||V^Pt,<j/||LP(Rd) < (3.10) 

and the fact that dgPt^s = ^J^Pt,s- This enables us to extend the operator ^ to a 
bounded operator from L'^(M,B^’°’^) to L'^(M,B^’^’^), ^q € (l,p]. Finally, we remark 
that the adjoint operator of A is given by 

A*f{t,x)= [ Ps,tfis,x)ds. 

Jo 

Thus, we are able to apply the same results to A* and conclude that A is also a bounded 
operator from L^(M,B^’°’P) to L^(M,B^’^’^), \/q € (l,p]. This extends the range of q to 
(1, oo) for A. □ 


The next result gives a Schauder estimate on the solution of a backward heat equa¬ 
tion with a source term in Bg’^’^. Its proof is similar to the one from EH Theorem 7.2] 
and the arguments can be directly extended to the norms Bg’™’^. 


Proposition 3.2. Let 1 < q,p < -|-cx), 2/q < /3 < 2 and f S Bq’°’^. Denote, for 
{t, x) £ [0, T] X 


u{t,x) ~ Pt,sf{s,x)ds. 

Then, there exists a constant C > 0 independent of T such that, for any 0 < s < t < T, 


\\u{t) - u(s)]]„l,2-/3,p < C{t - s)^/^ 

and, thus, 

2-/3,p) ^ C'|]/]]pl,0,p. 

A direct consequence of the previous result is the following 
Corollary 3.1. Let f £ Denote, for {t,x) £ [0,T] x 


(3.11) 

(3.12) 


u{t, x) 



Then, for any e £ (0,1) satisfying 


d 2 ^ 

£ H-1— < 1) 

p q 
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there exists a constant C > 0 and e > 0 such that, Vt G [0,r], 




+ E 


[/ 


\\Deuiir)\\ 


c, 


l,e 


de 


i/p 


<c{T-tr/^f\i 


,l,0.p. 


(3.13) 


Proof. Let ft = e + 2/q where 0<e< 1 — {e + d/p + 2/q). The result follows by the 
Sobolev embedding C with a = 1 — ft — d/p = 1 — e — q/2 — d/p > e, and 

Proposition 13.21 □ 


3.2 The non-adapted Fokker-Planck equation 

We set the linear operator on 

Cfp{x) := ^Av9(a:) + h{t, x) ■ Vp{x), 
and consider here the non-adapted Fokker-Planck equation 

j-T pT 

F{t,x) = 4>{x) — / CfF{r,x)dr— / f{r,x)dr. (3.14) 

Jt Jt 

Definition 3.2. A strong solution to Equation (13.141) is a function F in such 

that, for all t G [0, T], we have 

j-T j-T 

F{t,x) = 4>{x) — / CfF{r,x)dr— / f{r,x)dr. (3.15) 

Jt Jt 

Remark 3.1. Note that each random variable F{t,-) solution to the previous SPDE is 
pT-fneasurable, and hence it is not adapted (compare with Remark \3.tt\ below). 

We provide a Malliavin differentiability analysis for the solution the Fokker-Planck 
equation (13.141) . We define, Vm > 0, 

and the associated norm 

||F||mi,m.p := ||F||jjl,m,p -h ||(9tF||jjl,0.p. 

We begin with a result concerning the existence and uniqueness of a solution to the 
non-adapted Fokker-Planck equations. 

Assumption 3.2. We assume that there exists a function b G L'^([0, T]) such that, 
y{t,w) G [o,r] xC([o,r]), 






Lemma 3.3. Assume that \3.‘A is in force. Let u G 


and denote 


'w(L-)IIhi.p •=® 

sup \Vu{t,x)\^ 

-fe 

f sup \VDgu{t,x)\^d9 


xeR'i 


J 0 
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The followings estimates hold 


sup ||u(t, OIIhi.p < C'r||u|Li, 2 ,p, 
te[o,r] 


(3.16) 


where Ct is uniformly bounded with respect to T in compact sets ofM'^, and, Vi G [0, T], 


||6(i, •) • Vu{t, OIIdI'O.p < Cb{t)\\u{t, Ollei.p- 
Proof. Firstly, let us remark that we have, Vtt G 


(3.17) 


u{t,x) = - 


t^r 


dtu{r,x) — -Au{r,x) 


dr, 


and then, by using Corollary 13.11 we obtain the estimate 


sup ||M(t, OIIhi.p < C'r||u|Li, 2 .p. 
iG[0,T] 


Secondly, we compute 

||6(i,-)-Vn(i,.)|lW=E[||6(i,-)-Vn(i,-)|li, 

+ / E \\Deb{t,-)-Vuit,-)+ b{t,-) ■ DeVuit,- 
Jo L 




de 


< E 


\\b{t,-)-S/u{t,-)\\% 


+ CE 


+ CE 


£ \\Dgb{t,-)-Vu{t,-)\\l^^^,^de 

r \\b{t,-)-DeVuit, 

Jo 


P ja 


Since the Malliavin derivative commutes with the spatial derivative in L^, we obtain 


||6(i,-)-Vn(t,-)||Lo.p<]E 


sup \Vu{t,x)\P 


+ CE 


+ CE 


[ \\Deb{t,-)\\lp,^a)d0 sup \Vu{t,x)\P 
Jo ^ ' sGR'* 

ll^(iG)llipmd) f sup \VDgu{t,x)\Pd9 
^ ' Jo xGR'i 


Thus, by Assumption 13.21 we have (|3.171) as 
||6(i, •) ■Vu{t,-)\\„i.o,p < 


Cb{t) \ E 




sup \Vu(t,x)\^ 


+ E 


f sup |VZl6m(i,x)|^(i0 

J 0 xGR'* 


i/p 


□ 


Proposition 3.3. Let f G and (f G B^’^ 2 /g+e,p^ e > 0. Under Assumption 

there exists a unique solution F in Gq to the equation 

F{t,x) = Pt^T(f>{x) - f Pt,sf{s,x)ds- ( Pt,s[b{s,x) ■VF{s,x)]ds. (3.18) 


12 


























Moreover, the following estimate on the solution holds 


||F||jj1,2,p < Ct (^||0||pl,2-2/,+e,p + ll/lljji.o.p) , (3-19) 

where Ct > 0 depends on ||6||/,g([o,r]) *■5 uniformly bounded with respect to T on 

compact sets ofM'^. 

Proof. Step 1: By using Corollary 13.11 and (13.171) , we have 

\\F{t, OIIVp <C\\Pt,Tmrr + CT\\f\\lro„ + CrWb • VF||Ji,o„ 

<C||</)||V, + CT\\f\\l,.o„ + Ct IKs)n|F(., 

Thanks to a Gronwall lemma and the Sobolev embedding C iy 2 - 2 /i}+e,p^ deduce 


sup ||T(t,0||Hi,p < (f^T||/IUi.o,P+C|| 0 ||„i, 2 - 2 /,^^^^ ^ INI.([ 0 ,ti), (3.20) 

te[o,r] ^ ^ 

We now turn to Estimate (|3.19l) . We can apply the Bg^’^-norm to (|3.18l) and obtain, 
by using lemma [3Tl 


|F||;i, 2 .p <C't||</>||^i, 3 - 2 /,+,p + + Cj^ || 6 (s, •) • VF{s, •)||^i.o,.d5 

<C^t||</>||^i. 2 - 2 /,+,p + C'll/II^IAP + C r |6(s)ri|T(s, 


which yields, thanks to (I3.20p . 


l|F|i;„„ < Ct( 1 + + ll/IIJ.,...) . (3-21) 

Then, we differentiate (13.181) with respect to the time variable and deduce the equation 

dtF{t,x) = CfF{t,x) + f{t,x), 

F{T,x) = cj){x). ^ > 


By applying the Dg’^^’^-norm to (I3.22p and by using the estimate (|3.20l) . we obtain 


< -||AF||^i.o,p + 


ji.o.p + ||6 • VF|Li,o,p 


< Ct 


l,2-2/q+e,p + 


jl.O.P 


which, together with (I3.2ip . gives Estimate (I3.19p . 

Step 2: The last argument of the proof consists in using the so-called continuity 
method. For // € [0,1], we consider the equation 


F^{t, x) = Pt,T(pix) - Pt,sf{s, x)ds - Pt^s [lJ^b{s, x) ■ VF^{s, x)] ds. (3.23) 

We wish to prove that the set z/ C [0,1] of elements p, for which (|3.23l) admits a unique 
solution is [0,1] (with p = 1 corresponding to the equation (13.181) 1. In the case where 
p = 0, the existence and uniqueness of a solution of (13.181) is straightforward and, 
thus, u is not empty. Fix pQ ^ v and denote the mapping from to Gg’^’^ 
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which maps / to the solution of (13.231) for (p = 0. Let ^ € [0,1] to be fix later. 
The existence and uniqueness of the solution of equation (13.231) relies on a fixed point 
argument. We consider the mapping T^ given by 


r^(F) = Rt 4> + + {b ■ VF), 

and aim to prove that it is a contraction mapping from to itself. It follows from 

the estimates (13.191) and (|3.16l) that, VFi,F 2 € Gg’^’^, 

||r^(Fi) - r^(F2)||^i,2,p <c|/i- ^olll^• v(Fi - F2 )||„i,o,p 

<C\fi - fio\ IKs)ri|Fi(s, •) - F2 (s, 

<C\fl - /ro|||fe||L9([o,T]) 11-^1 - -^ 2 ||ik 1 , 2 .p. 

Hence, by choosing ri such that In—uol < - ^ -, we can conclude that there exists 

C'II»IIz,9([0,T]) 

a unique solution to (I3.23p . Therefore, by repeating the argument a finite number of 
times, we prove that u = [0,1] and that (|3.18p admits a unique solution in G^’^’^. □ 

Corollary 3.2. Let f € and cp G with e > 0. Under Assumption 

\S.2[ there exists a unique solution F in to the equation (|3.14l) . 

Proof. The existence of the solution follows directly from Proposition I3.3l since one can 
check that a solution of (|3.18p is a solution to (|3.14p . To prove the uniqueness, we 
consider a solution F of (|3.14l) with (p = 0 and / = 0. Let F”’ be a sequence of smooth 
functions in (t, x) of Gg’^’^ such that 

||F - F”|Li,2,p + ll^tF - dtF^lUo.r, 0. 

^9 n —>-00 


Therefore, we have that 

dtF'^{t,x) - Cf F'^{t,x) — dtF{t,x) + Cf F{t,x) = 0, 

n—^oo 


in Bg By denoting TZ the linear bounded operator from Bg to Gq which 
associates / with the solution F of (|3.18l) and since TZf solves (|3.14l) . we have a repre¬ 
sentation of F^ as 

F^ = n {dtF^ - C^F'^) . (3.24) 

It follows from (|3.24l) and (|3.19p that 


||F^ 




< C\\dtF^-C^F 


^1,0,p —0, 

n-f-oo 


which implies that ||F||mi, 2 ,p =0. □ 

From now on, we denote {P^t)o<s<t<T the family of linear operators associated to 
the solution of the Fokker-Planck equation determined by , that is, P^f^(p{x) is the 
solution to the SPDE 

= (p{x) - [ CrP^Mx)dr, 0<s<t, (3.25) 

J S 

with (p a Ft-measurable mapping in We end this section by the following 

Lemma which gives some estimates on P^. 
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Lemma 3.4. Let f € and (p £ 2 /i}+e,p^ e > 0. Under Assumvtion \3.2[ 

the following estimates hold 




Piffir, Pdr 


G, 


l,2,p 


< C'2,T||/|lni,o,P, 


and 




(3.26) 

(3.27) 

(3.28) 


Proof. The estimates (|3.26l) and (13.271) are direct consequences of Proposition 13.31 For 
the last estimate, thanks to (|3.16l) . (I3.17p . and (13.261) . there exists a constant > 0 
uniformly bounded in r G [0,T] such that 

||6.VP.^/(r,-)IUi,o,P <a||/(^,•)llBM-2/.+e.p• 

Therefore, the estimate follows from (I3.26p since 


X uX 


\C P. 


^ CfWfir, Oll^i, 


2-2/g+e,p 


dr. 


□ 


We can also compute the Malliavin derivative of (P^^)o<s<t<T- This is goal of the 
next lemma. 


Lemma 3.5. PTe have the following eommutation formula between the Malliavin deriva¬ 
tive and the operator P^ 

fT 

DtPifT<P{x) = PipTDtm - Pip, {Dtbir, x) • VPiPr^ix)) dr. (3.29) 
Proof. Let t < r <T. Denote 

4>(r,x) := DtPipr4>{x), 

then, a direct computation of the Malliavin derivative applied to the representation 
formula of P^ gives 

rT j-T 

4>(r, x) = 4>(T, x) — / C^^{u,x)du — / Dtb{u,x) ■'VP^rp(j){x)du. 

Jr Jr 

Hence, by the representation formula of P^, we deduce the following mild formulation 
of 4> 

fT 

a>(r, x) = Pr^THT, x) - / P,^^ {Dtb{u, x) • VPi^^T^x)) du, 

J r 

and, thus, the desired result. □ 
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3.3 The adapted Fokker-Planck equation 

We consider now the following BSPDE: 

rT j-T 

F{t,x) = — / F{r,x) + f{r,x)) dr — / Z{r,x)dWr, (3.30) 

Jt Jt 

where / belongs to BqTo ensure the existence of such representation, we need 
to work under the natural filtration of th® Brownian motion W. In this 

section we will call a predictable process a (J-)'^)jg[o,T]'Pi'odictable stochastic process. 
Note that by the definition of a weak solution (c/. Definition 13.11) as C F., any 
te[o,r] 'Predictable process is (T))jg[o,T]'Predictable. 

From now on we assume that: 

Assumption 3.3. f is a predictable field. 

Before going further we recall what is a solution to the BSPDE (13.301) in our context. 
To this end we say that a random field (f : D x [0, T] x —)■ M is predictable if for any 
x in ip{-,x) is predictable. We set for m G N: 


Wp’g := {(f predictable field , 
:=<(/? predictable field , / E 


P 

^ 9 ^ " 

\(p{s,x)\dt 


,p < Too}, 

dx < +00 


'0 


Definition 3.3 (Adapted strong solution to a BSPDE). We say that a pair of pre¬ 
dictable random fields {F, Z) is strong solution to the BSPDE (|3.30p if 

{F, Z) G X MP 


with ^ + I < 1 dnd Relation (13.301) is satisfied for every t in [0, T], for a.e. x in 
E-a.s.. 


Remark 3.2. We warn the reader that in the previous definition, the predictable feature 
of the fields {F, Z) is crucial. In that sense we will speak of BSPDE. This differs from 
the SPDE (|3.14l) whose solution is not adapted (see B.emark \3. 1\) . In that case we will 
speak of SPDEs to emphasis that the measurability requirement is not present. 


In order to proceed further, we need some additional assumptions on the Malliavin 
derivatives of / and b. 

Assumption 3.4. Let m G [q, oo] and i G [p, oo] such that 

111 ,111 

-h — = — and — + ^ = —. 

m m q lip 

We assume that there exist_ a function f G L"*([0, T]; L^(D; Lr’(M'^))) (resp. b') and a 
function mj G L”^([0,T];L^([0,T] x D)) (resp. mb) such that 

Def{t,x) = f{t,x)mf{e,t) 


Moreover, we assume that, for a.e. t G [0,T], dtmf{t,-) (resp. dtmbft,-)) is a measure 
on [0, T] and that there exists a constant C > 0 such that 


/ 


P^sf{s,-)dtmf{-,ds) 


SjO.P 


<^11/'! 




Einally, we assume that Tr{mf){f) := mf{t,t) (resp. Tr{mb)) belongs to ^"^([0, T]; L^(D)). 
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Remark 3.3. We can see that, under the previous assumption, we have, thanks to 
Holder inequality’s. 


jl, 0 ,P < ||/||^ 0 ,p + ||/'||L"*([0,T];L«(n;LP(M‘*)))ll"^/llLm([0,T];L«([0,T]xC))- 
Obviously, the same holds for b. 

We have the following result concerning the existence and uniqueness of a strong 
solution to Equation (|3.30l) . 

Theorem 3.1. Assume that f belongs to and that Assumvtion \3.A is in force. 

There exists a unique strong (predictable) solution to Equation (13.301) 

iF,z) e (wjp 

Futhermore, we have the following representation of F 

rT 


F{t, x) = E 


Pt^rfir,x)dr 


Tt 


(3.31) 


In addition, for a.e. {t,x), F{t,x) is Malliavin differentiable (^||T||pi, 2 ,p < +ooJ; and 
for a.e. x € a version of the process (Z(t, x))ig[o,T] *•5 given by 

rT 


Z{t, x) = E 


DtP^rf{r,x)dr 


Pt 


Finally, F admits the following mild representation 

rT rT 


F{t,x) = -[ P^J{r,x)dr- I Pf(^Z{r,x)dWr. 
Jt Jt 


(3.32) 


(3.33) 


Proof. Throughout Step 1 and Step 2, we assume that / and f are smooth with respect 
to X. Since the norms of F and Z in Wg’^ are bounded by the norms of / G Wg’^ and 
/'GL-([0,r];L^(fl;LP(M'='))) (see Step 1 and Step 2), we can consider two sequences 
of smooth approximations (/n)neN and {fn)neN such that the limit {Fn, Zn) — {F, Z) 

n^oo 

converges in Wg^. Moreover, thanks to the mild formulation (|3.33l) . we obtain that 
{F, Z) is the unique solution of the Equation (13.301) . 

Step 1: Set 


F{t, x) := E 


Purfir,x)dr 


Pt 


(3.34) 


We start with proving that F belongs to Indeed, by using (I3.27p and Jensen’s 

inequality, it holds that 


llnt,-)ll^l,2.p = 

= E 

+ 

<E 


E 


^ P^sf{s,-)ds 


Pt 


l,2,p 




- 

p 

E 

- / Ptsfis,-)ds 

Pt 



. Jt 

- 

W^’P 


f 


E 



r ^ 

- 

p 

DgE 

- / Ptsfis,-)ds 

Pt 



. Jt 

- 

W^’P 


d9 


rT 

p 

Pt^sfis,-)ds 

W^'P 
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+ 


Te r DePt^Jis,-)ds 
Jo Jt 


< 


p 

W^’P 


de 


P^fis, ■)ds 


< + 00 . 


,2.P 


We now turn to the derivation of Z. We have 


/ {PfPis,x) + fix,s))ds=[ E [ C^P^J{r,x)dr - f{s,x) 
Jt Jt Js 


p. 


(3.35) 


ds. 


By denoting 


m{s,x):=l C^P^J{r,x)dr - f{s,x), 


we have that, thanks to the representation (|3.25p . 

rT 


E 


m{s, x) 


Pt 


ds = E 

= E 

= E 


It Is / f{s,x)ds 

f [ P^,rfiT,x)dsdr - [ f{s,x)ds 
Jt Jt Jt 

rT rT 

/ {-Pi!rfix,x) + f{r,x))dr- f{s,x)d 
Jt Jt 


Pt 

Pt 


Pt 


= F{i,x). 


In the previous computations, we have used Fubini’s theorem, which can be applied 
since, thanks to Lemma l3.4[ 


[ [ \\PsP^rfir,-)\\iiho,pdsdr<(f j \\Cf P^J{r, ■)\\li^o,pdsdr'] 

Jt Jt \Jo Jo J 

^ C'II/IL1’2-2/9+e,P- 


1/q 


(3.36) 


This enables us to conveniently express the martingale that we are looking for being 
able to define the field Z. That is, we have 

rT 

F{t, x) = — J [Cf F{s, x) + /(x, s)) ds — M{T, x) + M{t, x), 


where 


p 






/ E 

m(s, x) 

Ps 

ds+ E 

m{s, x) 

Pt 

/o 



Jt 


-1 


ds. 


Let us now check that M is indeed a L^(M'^)-valued martingale. Note first that by 
Estimate (|3.36l) M(T, •) is integrable as 


E 




= E 

[ E 

m{s, •) 

Ps 

ds 

p 


Jo 




LP(Rd.) 


<C E[||m(s,-)|lip(R.) 


ds < Too, 


since m belongs to (by (13.361) and by our assumption on /). In addition, Vti G 

[0,t], we have 


E 




T 

J 7 < 


= / E 

J U 


m(s, ■) 


T 

J 7 < 




m(s, •) 


P 

'J 7 / 


ds — E 

J U 


m{s, •) 


P 

*' 7 / 
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= 0 , 

therefore, M is indeed a martingale. It remains to represent M as a stochastic integral 
against the Brownian motion W. For any fixed x in martingale representation 
theorem (for real-valned martingales) gives that there exists Z(-,x} := a^))tG[o,T] 

snch that 


E 


\Z{t, x)\‘^dt 


< + 00 , 


and M{t,x) = M{0,x) + fg Z(s, x)dWs, Vt G [0,F], P — a.s.. Note however, that 
the subset of n where the eqnality may fail depends a priori on x. To obtain, a 
representation for LP(R'^)-valned martingales (that is for every t, and a.e. x, P-a.s.) we 
need some extra regnlarity on Z that we provide here. Set: 

M{t,x) := M{0,x) + f Z{s,x)dWs, V(t,x). 

Jo 

We claim that M is a LP(R'^)-valned martingale. Indeed nsing the Bnrkholder-Davis- 
Gnndy inequality for real-valned martingales. 


E 


||M(r,.)-M(0,x)||^, 


1 r 


p' 

= E 

/ Z{t,x)dWt 


J jRd. 

Jo 



< Cbdg 


E 


dx 


cT \ P/2' 

\Z{t, x)\'^dt 


dx 


C [ E [\M{T, x) - M(0, x)\P] dx 
Jmd- 

||M(r,x)||^,(„,)' 


< 

= CE 


< -1-00. 


In particular, Z belongs to M^. Note that once this integrability property is proved for 
M, its martingale feature is straightforward. Using Doob’s inequality for LP(R'^)-valued 
martingales, we get that: 


E 


sup \\M{t,-) - M{t,-)\\lp 

te[o,T] 


< C sup E 

tG[o,r] 


||M(t,.)-M(U-)lli. 


< CE 




LP 


= 0 , 


by definition of M. This proves that 

rt 


M{t,x) = M{0,x) + f Z{s,x)dWs, Vt, for a.e. x, P —a.s.. 

Jo 

Thus, we obtain that {F, Z) G X solves Equation (13.30^ . 

Step 2: Proof of (13.321) . 


Recall that by (I3.35p . ||T(t, •)||pi, 2 ,p < -|-oo. In addition, following the same lines as in 
the computation of (13.351) . we have that: 


CfF{r, ■)dr 


pT pT 

/ / C^Fir,-)d7 

Jo Jt 


Jo Jt 


dt 


Iji.o.p 
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< T 




P^sfis, ■)ds 


dr 


1,0,p 


[ f •)||^i 2 p(irds, by LemmaEZ 

Jo Jo 

£ Wfir, dr = 


< T 


< CT 


Combining this result with Relation (I3.3UI) . we obtain that for a.e. {t, x), Z{s, x)dWs 
belongs to (see Remark 12.21) . Since B^’^ C B^’^, by [29l Lemma 2.3], this is 
equivalent to for a.e. {t,x), Z(-,x) G L^([t,T],B^’^). As a consequence, for a.e. (t,x) 
and for any 0 < s < t. 


DsF{t,x) = I DgC^F{r,x) + Dsf{r,x)dr + Z{s,x) + I Z(r,x)dWr, F — a.s. 


Hence taking s = t, in the previous relation, we have that for a.e. x, a version of 
the process (Z(t,a;))jg[o^7’] is given by Z{t,x) = DtF{t,x). Representation (13.321) can 
then be deduced using |281 Proposition 1.2.8]. We are now in position to prove that Z 
belongs to Wq By using Lemma 13.51 and Assumption 13.4[ we have 


DtF{t, x) = E 


i: 


DtPrrfir,x)dr 


Ft 


= E 


x)dr 


Ft 


+ E 


rT rr 

/ / mbit, u)P^,, [h'iu, x) ■ VP^^/(r, x)) dudr 

Jt Jt 


Ft 
(3.37) 


By differentiating with respect to the time variable, it follows that 

oT pT 


f m/(t,r)Pt^/'(r,x)dr = - / P^^imfir,r)f'ir,x))dr 

Jt Jt 

+ P^sf'is,x)drmf{r,ds)^ dr. 


Hence, by Assumption 13.41 and Lemma 13.41 we estimate the first term on the rhs of 
(I3Z71) 


E 

1 

^ 'x, 

J'. 

< 



- 

wF 


J mfi-,r)P^J'ir,-)d7 
<C'|]Tr(m/)/'|]^o,p 




+ C 


fT 

J P^sf'is,-)drmfi-,ds) 




^ \\f\\L^{[0,T];P{Q-,LP{R<^))) 

X + 1) ||/||^o,p . 

For the second term of (]3.37p . we remark that, thanks to Fubini’s theorem. 


pT pr pi 

/ / mfe(t,n)Pt^ (6'(n,x) • VP^^/(r,x)) dndr = / P^.^mbit,u)Giu,x)du, 

Jt Jt Jt 
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where we denoted G{u,x) := b'{u,x) ■ V P^^f{r,x)dr 
similar arguments as for the first term of the rhs of (|3.37l 
Lemma 13.41 


. Hence, we can proceed by 
since, by (13.171) . (13.161) and 


IIGILo- < c 


[ Pu,rfir,x)dr 
J U 




Therefore, we conclude that DtF{t, x) belongs to Wq ^ and, thus, Z itself belongs to 


Wg’P. 

Step 3: Uniqueness of the solution. 

Assume that there exist two solutions in to the BSPDE (l3.3L)p . Then by linearity, 
the difference of these solutions is itself solution to the BSPDE with / = 0. Let (T, Z) 
be any solution of (13.301) with / = 0. We will prove that T = Z = 0 in which 

will prove the claim. To this end, let 0 : M be a non-negative smooth bump 

function such that 9{x) = 1 if |x| < 1 and 9[x) = 0 if |x| > 2. For any positive integer 
n we set 9'^{x) := 9{x/n), F'^{t,x) := F{t,x)9^{x), and Z^{t,x) := Z{t,x)9^{x). By 
definition, we have that 


E 


rT pT 

|2 


\F^{tr)\\w^.pdt+ / \\Z^{t,-Ww2,pdt 


<C rE[\\F^{t,-)C,,pf^dt+ rE[\\Z^{t,-) 
Jo Jo 

< C'(||F"'||^2,p + ||Z"'||^2,p) < +00, 


\w^’p\ 


G/p 


dt 


by Jensen’s inequality. In addition. 


sup |V0"’(x)| < n ^||0||oo, sup |A61"'(x)| < n 


-21 


In addition, since 0” is a smooth function it follows that [F^,Z'^) is solution to the 
BSPDE: 

fT fT 

F"'(t, x) = 0— / {F'^{r,x)) + ilF{r,x)dr — / Z"'{r,x)dWr, 

Jt Jt 

where x) := —(VT • -|- Fb ■ V0”)(r, x). Recall that p,q > 2 so that 

we can make use of a priori estimates in as |121 Theorem 2.2] to obtain that there 
exists a universal constant C > 0 such that: 


E 


10 


\F^{t,-)\\w2.p + \\Z^{r,-)\\l,,,,dt 


< CE 


r writ, ■)\\li 

Jo 


dt 


(3.38) 


We estimate the right-hand side of the previous estimate. For the first term, we have: 

pT p 


E 


< 


10 Jk'^ 


\VF{t,x) -Vd^ixrdxdt 


\oon ^E 




0 JB{0,n) 

T 


\VFit,x)\‘^dxdt 


(^j \VF{t,x)\Pd3^ dt 
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< Cn-(P+2)/P 

= Cn-^P+‘^^/P, 


r^[\\F{t,x)\\ 

Jo 

rE[\\F{t,x)\\ 

Jo 


l2/P 


dt 




2/{qp) 


where we have used Holder inequality several times, the fact that q,p > 2. Similar 
calculations for the two other terms involved in the definition of ■0”' lead to: 


lim E 

n—>-+oo 


r writ, ■)\\ 

Jo 


Ll 


dt 


= 0 , 


which implies that: 


lim E 

n—>-+oo 


r WF^it,-)\\w2„ + \\Z-it,-)Wwi,pdt 

Jo 


= 0 , 


in view of the Estimate (|3.38l) . As a consequence, we can deduce that: 


lim E 

n—>-+oo 

which implies that: 


■)lB(0,n)ll^2,p + \\Z{t,-)li3(^Q^n)Ww^’P^t 


= 0 , 


E 


LJO 


+ W^it, ')Ww^’P^t 


= 0 . 


Hence {F, Z) = (0,0) in 

Step 4: Proof of the mild representation (13.331) . 

Set: 

r r 

F{t,x) = - PYrfir,x)dr- PYz{r,x)dWr, t€[0,r], 

Jt Jt 

where Z is the second component of the solution to Equation (13.301) . We wish to prove 
that F G is the first component of the solution to Equation (I3.30p {i.e. F = F). 
Here we stress that we do not impose F to be predictable. We have, by Burkholder- 
Davis-Gundy’s inequality for real-valued martingales and Lemma 13.41 


PYzir,-)dWr 




< 


cTl r \PYrZir,-)fdr \ 

Jo y Jt j 

C £ \\PYzir,-)\\l,^^dry dt 


dt 


rT pr 

<c / wp^zr^ 

Jo Jo 


, dtdr 


which yields that the stochastic integral is well-defined and F belongs to Wq’P. With 
the definition of P^ (see (|3. 251) 1. we decompose F as follows: 

F{t,x)=[ [ C^PY^J{r,x)dudr- f f{r,x)dr 

Jt Jt Jt 
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pT pr pi 

/ / C^P^^^Z{r, x)dudWr - / Z{r, x)dWr 

Jt Jt ’ Jt 


+ 


ft Jt 

Using Stochastic Fubini’s Theorem (that we justify below), we have that: 

F{t,x)=[ [ P^J{-,r)drdu- [ f{r,x)dr 

Jt Ju Jt 

j-T pT pT 

P Cu Pu,rZ{r,x)dWrdu- / Z{r,x)dWr 
J t J U J t 


c 


X 


[ Pu,rfi^,r)dr- [ Pu,TZ{r,x)dWr 

Ju J U 


du 


F{u,x) 

— f f{r,x)dr— I Z{r,x)dWr. 

Jt Jt 

This computation proves that F is solution to the (non-adapted) SPDE: 

r'^ ~ r'^ 

F{t,x) = — / F{u,x) + f{u,x)du — / Z{r,x)dWr, 

Jt Jt 

where — Z{r, x)dWr is seen as a source term. By dehnition, F is also a solution to 
this equation. As a consequence F{t, x) := F(t, x) — F(t, x) is solution (in Wg’^) to the 
SPDE 

F{t,x) = — J C^F{u,x)du, 

which admits 0 as unique solution in Wg’^ (by Proposition 13.3p . which proves that 
F = F in Wg’^. We finally justify the use of stochastic’s Fubini theorem. More 
precisely, we have that: 

rT rT 


J J \PuPu,TZ{r,-)?dudr 

pT pT 

: ^ •)||;,o.p dudr^ 


2/g 




□ 


4 The Ito-Tanaka-Wentzell trick and some appli¬ 
cations 

4.1 Main result 

Let us recall the Ito-Wentzell formula in the context of processes with values in Sobolev 
spaces |23] . 
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Proposition 4.1 (Ito-Wentzell formula). Let F in be sueh that for any ip G 

{F{L ■),p) = (F(0, ■),p) + Ar(s, ■),p)dWs + I\a{s, •), (4.1) 

JO Jo 

with F(0, •) G LP(M'^), m and T in w]f^. Then, Vf G [0,r], '^p G LP(M'^), 

{F{t, • + Xt), yp) ={F{0, ■ + Xo), (^) + [\{T{s, • + X,), yp) + {VF{s, • + X,), p)]dWs 

Jo 

+ f [(Vr(s, • + Xg), p) + (X(s, • + Xg), p)]ds 
Jo 

+ f F{T,^F[s, ■ F Xs) j T)ds, P — a.s.. (4-2) 

Jo 

Remark 4.1. As noted earlier, elements ofWp^^ are predietable with respeet to {F^ )tG[o,r] 
the natural filtration of W. However, by definition of a weak solution to the SDE 
(Xf) te[o,T]-predictable processes are also {Ft)t£[o,T]-P'<"^dictable. 

Remark 4.2. Note that for any p in LP[Mfi), the stochastic process s (r(sj ■+Xs), p) 
is square integrable so that the stochastic integral of this process against the Brownian 
motion is well-defined. The same comment implies that all the integrals involved in 
Relations dHll-dlJl) are well-defined. We also would like to point out that contrary 
to the original formula in where the test functions p are assumed to be infinitely 
differentiable, the regularity assumption on our processes allows us to consider only IF 
test functions. 


With the previous results at haud we cau uow state aud prove our maiu result, 
uamely a Ito-Wentzell-Tanaka trick. 

Theorem 4.1. Assume that f G and that Assumption\3f^is in force. Let {F, Z) 

be the unique strong solution to (13.301) . Then we have, 

r fis, x^ds = - F(0, Xo) - r (VX(s, X,) + Z{s, X,)) dW^ 

Jo Jo 

XZ{s, Xs)ds, ¥ — a.s.. (4-3) 

Proof. It follows from the Ito-Weutzell formula from Propositiou ll.ll that. V<y9 G L^(M'^), 



{fis,- + Xs),p)ds 

= - {F{0, • + Xo), p) - r i{XF{s, • + X,),p) + (Z(s, • + X,), p)) dWs 

Jo 

(fijZ{s,- + Xs),p)ds, P —a.s.. (4-4) 

Let us remark that by Theorem l3.1l aud a Sobolev embedding, F,Z€ Lfip{[t), T]; L'P{Ll] C^’“(M'^))) 
for a certaiu a > 0. We choose (/J = 0^, e > 0 a mollifier iu Equation (14.41) . For any 
positive e we have 





{VF%s,Xs) + Z^{s,Xs))dWs 
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VZ’^{s,Xs)ds, P —a.s., 


(4.5) 


where we denote G^{t,x) = {G{t, ■),9^{x — •)) for G = f,F,VF,VZ. We remark that, 
given a function G € L^([0, T]; LP(r2; it holds that 


E 


r \G^{s,Xs)-G{s,Xs)\ds 
Jo 


< 


< 


E 


\G{s, X + Xg) — G{s, Xs)\0^{x)dx 


q X 1/-? 
ds ) 




E 




q/p \ V<? 
ds 1 


\x\'^6’^{x)dx 




Thus, each term from the right-hand side of (14.51) converges to the corresponding value. 
In order to handle with the term in the left-hand side, we have to prove that the integral 
I defined by 

I{x) := [ f{s,x + Xs)ds, 

Jo 

is continuous, P —a.s.. This comes from the fact that I belongs to W^’^. Indeed, thanks 
to (14.41) . Ito’s isometry, a change of variable and Jensen’s inequality, we have that 


<||F(0,- + Xo 


+ 2 / \\XF{s,- + X, 


< 


rT \ 1/2 

'-syilwl.P + ll^(S) ■ + 


+ [ ||VZ(s, •Xs)||i^i,p(is 

Jo 

||F(0, Ollwi.p + C ||T(s, •)|i;..,p + 11^(5, ■)\\li.ds'^ 

r\\z{s,- 

Jo 


ll^ 2 ,p ) ds. 


Since F, Z € we deduce that I G W^’^. By the Sobolev embedding C 

we deduce that I is P-a.s. continuous. Thus, we have, by using Fubini’s 

theorem. 



s,Xs)-f{s,Xs)]ds 


|([/(•)-/(o)],r)|^o 


£—^0 


— a.5., 


which concludes the proof. 


□ 


Remark 4.3. If f and h are deterministics, then, the BSPDE (13.301) reduees to a PDF 
that is Z = 0. Hence, VZ = 0 and we recover the formula of \24^ . In particular, if 
b does not depend on u and if f is random then the gain/loss of regularity than one 
could obtain by using the Ito-Tanaka-Wentzell trick compared to the Ito-Tanaka trick is 
completely contained in the regularity of Z and its gradient. 
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4.2 Example: Smooth perturbations of a Brownian motion 

Let us consider the following functional 

Iix):= [ f{t,x + Wt + Yt)dt, (4.6) 

Jo 

where / G L'^([0,T];VL is a standard brownian motion and y is a stochastic 
process adapted to the filtration 


A^llLP(n) 
I • -t|3/2 


GL''([0,r]). 

Lmt,T]) 


We remark that when Y is of the form 


Yt = 



hgds 


where h is a stochastic process adapted to T]’ ^PPly Girsanov’s theo¬ 

rem and remove Y from (|4.6I) . This means that Y can not pertubate the regularization 
effect of W. That is, one could apply the Ito-Tanaka trick {i.e. the deterministic version 
as provided in El) to I under a probability measure Q and obtain 

I = -F(0, x)- [ VF{t, X + Wt)dWt, Q - a.s. 

Jo 

without having to consider the extra terms involving Malliavin derivatives. Here, our 
objective is to show that Theorem 14.11 is consistent with those arguments and that we 
recover the same type of result. 

By considering the random function / := /(t, • +Yt), the Ito-Tanaka-Wentzell trick 
gives is the following expression of I 


I = -F{0,x + Yo)- f (vF{t,x + Wt) + Z{t,x + Wt))dWt- f YZ{t,x+ Wt)dt, 


with 


and 


F{t, x) = E 
Z{t, x) = E 


Pt,sf{s,x)ds Ft 
Pt,sDtf{s,x)ds Ft 


We notice that the Malliavin derivative of / implies, a priori, a loss of regularity 
compared to the case where / is deterministic since 


Dtfis,x) = Vfis,x + Ys)-DtYs. 


(4.7) 


However, this is not the case as proved in the following Lemma. 

Lemma 4.1. Let f G L'?([0, T]; LP(M'^)). There exists a constant C > 0 such that the 
following estimate holds 


j: 


Pt,sfis, X + Ys)DtYsds 


1,3,p 


^ C\\f\\Li{[0,T]-,LP{Rd.))- 


26 

















Proof. We have, by a classical estimate on the heat semigroup, a change of variable 
and Holder’s inequality. 


J%t,sfis,- + Ys)DtY,ds 


cT WDtY^hr^n) 


w3:P ^ Jt (s- t)Y^ 


ll/(■S,•)llLP(Rd)ds 


< c 


'L 


T \\DtYs\\‘^. \ 


1/5 


t {s - t)35/2 j 


\\f\\L<ii[0,T]-,LP{R<i)), 


which yields the estimate. □ 

It follows from the previous Lemma that, in fact, the additional terms coming from 
the ltd-Tanaka-Wentzell trick are at least as smooth as the ones from the ltd-Tanaka 
trick. Thus, in this example which can be considered at the interface between the case 
where / is deterministic and the case where it is random, our formula recovers the 
regularization effect. 


Remark 4.4. In the case where Yt = —Wt, we should not expect any regularization 
from the brownian motion (as mentioned in the introduction). We observe that, in this 
context, DtYg = —Ijo,*](/)■ Thus, we are not able to apply Lemma 4-1 and equation 
(gZI shows that we lose one degree of regularity. Then the Ito-Tanaka-Wentzell trick 
does not bring any regularization effect. 


The classical Itd-Tanaka trick find several applications as stated in the introduction 
including the strong uniqueness of solution to SDEs. These applications will be studied 
by the authors in a separated work. 
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